Limit of Sequences

Showthat y" and ny" bothtendtozeroas n tends to infinity if 0<y<1.
Showthat (1+a)"<(l-na)® is n isapositiveinteger, a>0 and na<1,

and then prove that, if 0<x<1, (1+x"" tendsto 1 as n tends to infinity.

The numbers of a sequence Up, Uz, Uy, ... are given by the relation
u,—(k+k*u,  +u,,=0 (1>2,k=1).
Provethatif up=1 and k> 1,thenthe unique valueof u suchthat u, tendsto a limitas
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If a>0 and O0<x;<Db,show thatthe sequence {x,} defined by the formula

ab’>+x}? . . o
X, = —1” is an increasing bounded sequence and find its limit.
a+

The sequence {X,} is defined by the relation Xni1 = X,2 = 2%, +2 (n> 1).
Investigate the behaviour of X, in the cases
(@ 1<x<2 (b) x1=2 () x1>2.

Giventhat ag=a;sin®¢=2cos¢d andthat a,—2an + @ Sin’ ¢ = 0.

Find an expression for a; and show that Za, = L - L .
pr) 1-coso 1+cos¢

_6u,’+6

A sequence is defined by the formula u 2
u,”+11

, nN=0,1,2,... and by the value of the initial

n+l

term up. Provethatif u, convergestoalimit a,then a iseitherl, 2, 3.

Showthat, if Uo>3, then (i) 3<Upmicty (i) =39
u,—-3 10
and show that, when ug>3,then u,—>3 as n—oo.
. . X .
If {x,} isdefinedby Xy=x, X,,=—F—— (n=0,1,2,...) and a,,b, aredefined by
RN
a,=2"x, |, b, :i . Provethat {a.},{b,} bothconverge to the same limit.
N
12 .
If 0<a;<3 and a,,= 1 , show that the sequences {a,+1} and {a,,} are respectively
+a

n

increasing and decreasing monotonically. Prove that the sequence a, converges to the limit 3.

Positive numbers ug, Uy, .... aredefinedby u;=3, u,,=4u,+5 , (n=0,1,2,..)

L (u,-a) .

Provethatas n—o,u, tendstoalimit a. Provealsothat O<u,,,-a< 207
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Points  Po(Xo, Yo) , P1(X1, Y1), ..., Pn(Xn, ¥n) are connected by the following relations :
X1 = 2%+ 3Yn, Y1 =Xn+t2¥n , Xo=1, Yyo=0.

(i) Find a ifthe items of the sequence {z.} = {x, +ayn} forms a geometric sequence.
(if)  Find the limit of the gradient of the straight line OP, when n —w.

(You may assume that the limit exists.)
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The sequence a;, ay,as, ... isdefinedas a; =3, a, = a"2 5 , n>0.
an

Provethat O<a,,, —+/5< M

2"
5n <6><(£] and find lima, .
)Z -1 11 n—w
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Asequence {r,} isdefined as follows, r,>0, r

n+l

+i:2A , A>0.
I

n

Show that the condition that is necessary for the convergence of r, isthat A>1. Isthe condition that

A> 1 sufficient for the convergence of r, ?

Show that {sinn—;} is divergent.

Show that l+£+...+ 1
3 2

is divergent.
i| s

Let {a,} be asequence of positive numbers. Define b, =(a,a,..a,)" for n>0.

If lima, =a,showthat limb, =a . Hence show that if lim 20 = g ,then limy/a, =a.

n—o n—o0 n—-o g n—oo
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Show |im1(n!)1’“=|im nY" =1 |ifitis given that |im(1+1j =e .
n

n—w N n—oo n—o
1 .
If X;=h, Xuwi=X:2+k,where 0<k< 2 and h lies between theroots a,b of

xX*—x+k=0. Provethat a<Xxmy.i<X,<h and determine the limit of x,.

Define a sequence of numbers X, Xp, ... by X :%(x +ij , a=0.

Show that +/a < X, <X, <..<X, ,providedthat X, is positiveand Xo> Va.

Find the limitof {x,}. Does {x.}convergeif a<0?

. X . +X
Given two real numbers x; and X,. Let xn:% ,n>2.

Find the limit of the sequence X, as n tends to infinity.
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. i . . X X X
If 0<x< g , using the fact that cos%cos%...cosi=L,fmd limcos—-cos—-...cos—.

2 2" sin[xj e 2 2 2
2n
Let pu>A>0,thesequences {x.},{y.} are defined by
X, + X+
M=k,xz=—ﬁ}?~Mn=—E31ﬂ- COYIT L Yo =KoY e Yo =4 X0 Yan
’HZ _;\‘2

cosl(xJ
n

Prove that n is a positive integer, then (\/§+1)n = an\/§+ b, forunique integer a,, by.

putting A =p cos x, show that the two sequences has the same limit

Further, prove that
(a) a'n+2 = 2(a'n+l + an )’ bn+2 = 2(anrl + bn) '

& (3-1) -, E-b,)
(C) 3&n2—bn2:(_1)n—12n ;

(mlmﬂ:ﬁ.
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For any sequence {a,} of real number, it is known that if a,=0, lima,=0then lim— =1

n—oo nN—oo Sln an

and lima,, =0.
n—oo

X—>1/2 n—wo

a) Let P,= cosicosi...cosi ,Where 0<x< E. Evaluate lim |{limP, | .
2 2? 2" 2 "

(b) Show that there exists no real number x suchthat cosnx tendstozeroas n tends to infinity.

(c) Consider the differences of sin (n+2) x and sin (n+1)x, hence prove that limsinnx =0 ifand

only if x=mn for some integer m.

Let x beanon-zero real number greater than -1. Prove by induction that for any positive integer n
greaterthan 1, (1+x)">1+nx.

Let t beany fixed positive number. Consider the sequence a, = 1t

(@) Let t>1. Show that > 1.

(b) Putting Q/_:1+xn and using (a) or otherwise, show that 1<R/f<1+tT_1 for n>2.

Hence show that for t>1, lima,=1.

n—o0



